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In a recent paper R. Mathon gave a new construction method for maximal arcs in
ﬁnite Desarguesian projective planes that generalised a construction of Denniston.
He also gave several instances of the method to construct new maximal arcs. In this
paper, the structure of the maximal arcs is examined to give geometric and algebraic
methods for proving when the maximal arcs are not of Denniston type. New degree 8
maximal arcs are also constructed in PGð2; 2hÞ; h55; h odd. This, combined with
previous results, shows that every Desarguesian projective plane of (even) order
greater that 8 contains a degree 8 maximal arc that is not of Denniston type. # 2002
Elsevier Science (USA)
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A maximal fqðn  1Þ þ n; ng-arc in a projective plane of order q is a
subset of qðn  1Þ þ n points such that every line meets the set in 0 or n
points for some 24n4q: For such a maximal arc, n is called the degree.
In [7], Mathon gave a construction method for maximal arcs in
Desarguesian projective planes that generalised a previously known
construction of Denniston [2]. We begin by describing this con-
struction method. In the following, the order of the ﬁelds will always
be even. Let Tr be the usual absolute trace map from the ﬁnite ﬁeld
GFðqÞ onto GFð2Þ: We represent the points of the Desarguesian
projective plane PGð2; qÞ via homogeneous coordinates ða; b; cÞ over
GFðqÞ; and lines similarly as triples ½u; v;w over GFðqÞ; and incidence
by the usual inner product au þ bv þ cw ¼ 0: For a; b 2 GFðqÞ such
that the absolute trace TrðabÞ ¼ 1; and l 2 GFðqÞ; deﬁne Fa;b;l to be
the conic
Fa;b;l ¼ fðx; y; zÞ : ax2 þ xy þ by2 þ lz2 ¼ 0g
265
0097-3165/02 $35.00
# 2002 Elsevier Science (USA)
All rights reserved.
NICHOLAS HAMILTON266and let F be the union of all such conics. Note that all the conics in F
have the point F0 ¼ ð0; 0; 1Þ as their nucleus. For given lal0; deﬁne a
composition
Fa;b;l  Fa0;b0;l0 ¼ Faa0;bb0;lþl0 ;
where the operator  is deﬁned on GFðqÞ GFðqÞ by
a  b ¼ la þ l
0b
lþ l0 :
Given some subset C ofF; we say C is closed if for every Fa;b;laFa0;b0;l0 2 C;
we have that Faa0;bb0;lþl0 2 C: In [7], the following theorem is proved.
Theorem 1.1 (Mathon [7, Theorem 2.4]). Let C be a closed set of conics
with nucleus F0 in PGð2; qÞ; q even. Then the union of the points of the conics
of C together with F0 form the points of a degree jCj þ 1 maximal arc in
PGð2; qÞ:
In the paper, Mathon also gave several classes of examples of new
maximal arcs using his method. See also [3] for further examples as well as
results on the geometric structure and collineation stabilisers of the maximal
arcs. Suppose we choose a 2 GFðqÞ such that TrðaÞ ¼ 1; and let A be a
subset of GFðqÞn such that A [ f0g is closed under addition. Then, the set of
conics
fFa;1;l : l 2 Ag
together with the nucleus F0 is the set of points of a degree jAj þ 1 maximal
arc in PGð2; qÞ: These maximal arcs were constructed by Denniston in [2].
They are a subset of the pencil of conics given by
fFa;1;l : l 2 GFðqÞg:
This pencil partitions the points of the plane not on the line z ¼ 0 into q  1
conics on a common nucleus ð0; 0; 1Þ: The line z ¼ 0 is often called the line at
infinity of the pencil and is denoted F1: The Denniston maximal arcs were
characterised by Abatangelo and Larato [1] as exactly those maximal arcs
whose point set is the union of elements of such a pencil of conics.
Equivalently, they were characterised as exactly those maximal arcs whose
homography stabiliser admits a cyclic group of order q þ 1: The orbits of
such a group are exactly the elements of the pencil. More generally, a pencil
of conics may be obtained as follows. Suppose F1 and F2 are non-degenerate
quadratic forms in PGð2; qÞ that have no common zeros, that is, the conics
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fmF1 þ gF2 : m; g 2 GFðqÞ; m; l not both 0g
determines q þ 1 quadratic forms: q  1 pairwise disjoint non-degenerate
conics; an exterior line to those conics (the line at infinity); and a point that is
the nucleus of all the conics. Together these conics partition the points of the
plane. Up to isomorphism in PGLð3; qÞ there is a unique such pencil, that is,
up to isomorphism the pencil is independent of the choice of F1 and F2: We
will call a closed set of conics that is a subset of such a pencil linear. It
immediately follows from the Abatangelo and Larato result that a linear
closed set of conics corresponds to a maximal arc that is isomorphic to a
Denniston arc. See [4] for further results on the groups that stabilise these
maximal arcs. In the subsequent sections, we will use the following notation.
Suppose we have a closed set of conics where A is the set of values that l
ranges over. Then there are functions p : A ! GFðqÞ and r :A ! GFðqÞ
such that the closed set of conics is described by the equations
fpðlÞx2 þ xy þ rðlÞy2 þ lz2 ¼ 0 : l 2 Ag: ð1Þ
In the next section, the structure of the closed sets of conics is examined to
give tests for when they are of Denniston type. The closed sets of conics with
pðlÞ ¼ 1 for every l 2 A are shown to admit an elation in their stabiliser. In
the ﬁnal section, a new approach to constructing closed sets of conics is
introduced, and is used to construct degree 8 maximal arcs in PGð2; 2hÞ;
h55; h odd.
2. LINES AT INFINITY
While a Denniston maximal arc has a unique line at inﬁnity, a closed set
of conics can have several. In this section, the lines at inﬁnity are examined
to give tests for when a closed set of conics is of Denniston type. Closed sets
of conics with pðlÞ ¼ 1 for every l 2 A are shown to admit an elation. The
following theorem gives an easy test for when a closed set of conics gives rise
to a Denniston maximal arc.
Theorem 2.1. Let C be a closed set of conics in PGð2; qÞ with polynomials
p; r : A ! GFðqÞ; A  GFðqÞn; defining a maximal arc K as in Eq. (1) above.
Then K is of Denniston type if and only if for all l; l0 2 A; lal0; both
ðpðlÞ þ pðl0ÞÞ=ðlþ l0Þ and ðrðlÞ þ rðl0ÞÞ=ðlþ l0Þ are constant.
Proof. Let l; l0 2 A; lal0: Then these deﬁne two conics with equations
pðlÞx2 þ xy þ rðlÞy2 þ lz2 ¼ 0 and pðl0Þx2 þ xy þ rðl0Þy2 þ l0z2 ¼ 0: As
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obtained by taking GFðqÞ linear combinations of the equations. In parti-
cular, if we take the sum
ðpðlÞx2 þ xy þ rðlÞy2 þ lz2Þ þ ðpðl0Þx2 þ xy þ rðl0Þy2 þ l0z2Þ;
we obtain the equation of the (degenerate quadric) line at inﬁnity:
ðpðlÞ þ pðl0ÞÞx2 þ ðrðlÞ þ rðl0ÞÞy2 þ ðlþ l0Þz2 ¼ 0 ð2Þ
of the pencil containing the two conics. IfK is of Denniston type, then all of
the conics of C are by deﬁnition contained in a single pencil with a unique
line at inﬁnity. It then follows that both ðpðlÞ þ pðl0ÞÞ=ðlþ l0Þ and ðrðlÞ þ
rðl0ÞÞ=ðlþ l0Þ are constant. Conversely, suppose ðpðlÞ þ pðl0ÞÞ=ðlþ l0Þ and
ðrðlÞ þ rðl0ÞÞ=ðlþ l0Þ are constant for every lal0 2 A: To show that the
maximal arc is of Denniston type, we must show that all the conics are
contained in a single pencil. Note that just as two disjoint non-degenerate
conics determine a unique pencil by taking GFðqÞ linear combinations of
their equations, a non-degenerate conic and a line exterior to it (considered
as a degenerate quadric) give rise to a unique pencil of conics of the form
required for a Denniston maximal arc. Choose l; l0 2 A with lal0; and
consider the corresponding conics with equations pðlÞx2 þ xy þ rðlÞy2 þ
lz2 ¼ 0 and pðl0Þx2 þ xy þ rðl0Þy2 þ l0z2 ¼ 0: They are contained in a pencil
of conics with line at inﬁnity ðpðlÞ þ pðl0ÞÞx2 þ ðrðlÞ þ rðl0ÞÞy2 þ ðlþ l0Þz2
¼ 0: Since ðpðlÞ þ pðl0ÞÞ=ðlþ l0Þ and ðrðlÞ þ rðl0ÞÞ=ðlþ l0Þ are constant,
this is the same line whichever l; l0 we choose. Now the pencil spanned by
pðlÞx2 þ xy þ rðlÞy2 þ lz2 ¼ 0 and this line determines a unique pencil of
conics. Then, for any l0 2 A; by taking the sum of the equation of the conic
determined by l0 with the appropriate representation of the line at inﬁnity,
the conic pðl0Þx2 þ xy þ rðl0Þy2 þ l0z2 ¼ 0 is contained within this pencil.
Hence, every conic of C is contained in a single pencil of conics, andK is of
Denniston type by Abatangelo and Larato’s characterisation. ]
Definition 2.1. Given a closed set of conics, the set of lines at inﬁnity
f½ðpðlÞ þ pðl0ÞÞ1=2; ðrðlÞ þ rðl0ÞÞ1=2; ðlþ l0Þ1=2 : l; l0 2 A; lal0g
is an invariant (up to isomorphism) for the maximal arc. In particular, if two
closed sets of conics have different numbers of lines at inﬁnity, they cannot
be isomorphic. For instance, in [7], 94 non-isomorphic degree 16 maximal
arcs in PGð2; 64Þ arising from closed sets of conics are given. The ﬁrst ﬁve
non-Denniston ones (labelled 5–9) have 31, 32, 31, 27 and 26 lines at inﬁnity,
respectively. So the number of lines at inﬁnity distinguish all except numbers
5 and 7 from each other. It also follows that the collineation stabiliser of a
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the degree 16 maximal arc in PGð2; 64Þ labelled 15 in [7], the collineation
stabiliser of the set of lines at inﬁnity is exactly the collineation stabiliser of
the maximal arc (in this case trivial).
The maximal arcs of the following corollary were ﬁrst given in [7], and
then generalized in [3]. Here we prove they are not of Denniston type. Let
Trqm!q be the usual trace map from GFðqmÞ onto GFðqÞ.
Corollary 2.1. In PGð2; qmÞ; q even, q > 4; m > 1; choose b0;
b1 2 GFðqmÞn such that Trqm!2ðb0Þ ¼ 1 and Trqm!qðb1Þ ¼ 0: Then putting
A ¼ GFðqÞn; pðlÞ ¼ 1; and rðlÞ ¼ b0 þ b1l3 gives rise to a degree q maximal
arc in PGð2; qmÞ that is not of Denniston type.
Proof. That these give rise to a closed set of conics was shown in [3; 7,
Theorem 3.1]. Now for them to be of Denniston type it is required that, for
every lal0 in GFðqÞ;
rðlÞ þ rðl0Þ
lþ l0 ¼
b1ðl3 þ l03Þ
lþ l0 ¼ b1ðl
2 þ l02 þ ll0Þ ¼ k;
where k is a constant. But for a given l0 there are at most two solutions for l
to this equation, so ðrðlÞ þ rðl0ÞÞ=ðlþ l0Þ cannot be constant for every l;
l0 2 A; and the maximal arc is not of Denniston type. ]
In fact, we have a more general corollary to test when a closed set of
conics gives rise to a non-Denniston maximal arc.
Corollary 2.2. Let A be a subset of GFðqÞ with functions p; r : A !
GFðqÞ such that fpðlÞx2 þ xy þ rðlÞy2 þ lz2 ¼ 0 : l 2 Ag is the set of
equations for a closed set of conics. Suppose that either ðpðlÞ þ pðl0ÞÞ=
ðlþ l0Þ or ðrðlÞ þ rðl0ÞÞ=ðlþ l0Þ is a polynomial of degree d in l and l0; and
that 1odojAj  1: Then the closed set of conics gives rise to a maximal arc
which is not of Denniston type.
Proof. As in the previous corollary. ]
The previous corollaries can also be applied to get structural results on
closed subsets of a closed set of conics. For instance, ifK is a maximal arc
arising from Corollary 2.1, then K contains no Denniston maximal arc of
degree 8 or larger. A bound on the number of lines at inﬁnity of a closed set
of conics can be obtained as follows. Any pair F1;F2 of conics of a closed set
C generates a unique pencil of conics G: The pencil G then meets C in a
closed set G \ C of conics that is linear. The set G \ C is maximal in the
sense that it is contained in no larger linear closed set of conics of C: Hence
given a closed set of conics C; there is a unique set C1;C2; . . . ;Cr of maximal
linear closed sets of conics generated by pairs of elements of C: It
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maximal arc. Counting distinct pairs of conics of C and the maximal linear
closed sets containing them gives the following theorem.
Theorem 2.2. Let C1;C2; . . . ;Cr be the maximal linear closed sets of
conics generated by pairs of conics in some closed set C: Then
jCj
2
 !
¼ jC1j
2
 !
þ    þ jCrj
2
 !
:
As an example of this we consider a degree 16 maximal arc arising from a
closed set of conics C: Suppose there are a4 and a8 maximal linear closed sets
of conics in C that give rise to degree 4 and degree 8 maximal arcs,
respectively. Then it follows that
15
2
 !
¼ a4
3
2
 !
þ a8
7
2
 !
:
Now [3, Corollary 4] shows that a degree 16 maximal arc in PGð2; 64Þ
arising from a closed set of conics can contain at most one linear closed set
of conics of size 7. Hence a8 is either 0 or 1. In the former case a4 ¼ 35 and
there are at most 35 lines at inﬁnity; in the latter a4 ¼ 28 in which case there
are at most 29 lines at inﬁnity. As noted above, the degree 16 maximal arcs
in [7] labelled 5, 6 and 7 had, respectively, 31, 32 and 31 lines at inﬁnity.
From this we can conclude that none of these degree 16 maximal arcs
contains a maximal arc of degree 8 of Denniston type (which was shown by
computer in the paper). The degree 16 maximal arc labelled 15 in Mathon’s
paper gives an example of a maximal arc where the maximum number, 35,
of lines at inﬁnity does occur. This section is concluded by noting that closed
sets of conics with pðlÞ ¼ 1 have an elation in their collineation stabiliser.
Theorem 2.3. Suppose C is a closed set of conics of the form in (1) giving
rise to a maximal arc K in PGð2; qÞ such that pðlÞ ¼ 1 for every l 2 A: Then
there exists an elation of order 2 fixing K:
Proof. For any l 2 GFðqÞ the equation x2 þ xy þ rðlÞy2 þ lz2 ¼ 0 is
invariant under the collineation ðx; y; zÞ/ðx þ y; y; zÞ: It is readily checked
that this collineation is an elation of order 2: Hence equations of the conics
F1;rðlÞ;l are invariant under an elation. ]
All of the closed sets of conics giving rise to degree 8 maximal arcs in
PGð2; 32Þ and PGð2; 64Þ found in [7] satisfy the hypothesis of Theorem 2.3
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also have this property.
3. A CONSTRUCTION OF NON-DENNISTON MAXIMAL
ARCS IN PGð2; 2hÞ; h ODD
In this section degree 8 maximal arcs are constructed in PGð2; 2hÞ; for all
h55; h odd. Suppose we have a subset A of GFðqÞn such that A [ f0g is
closed under addition, and an additive function f : A ! GFðqÞ such that
Trðf ðlÞ=lÞ ¼ 1 for every l 2 A: Then it immediately follows that
fx2 þ xy þ ðf ðlÞ=lÞy2 þ lz2 ¼ 0 : l 2 Ag
is the set of equations of a closed set of conics in PGð2; qÞ and so gives rise to
a degree jAj þ 1 maximal arc. The trace condition guarantees that the conics
are non-degenerate, and the set is closed since
lðf ðlÞ=lÞ þ l0ðf ðl0Þ=l0Þ
lþ l0 ¼
f ðlÞ þ f ðl0Þ
lþ l0 ¼
f ðlþ l0Þ
lþ l0 :
Equivalently, we could ﬁnd A  GFðqÞ GFðqÞ such that A is closed
under addition, and each ða; bÞ 2A satisﬁes Trðb=aÞ ¼ 1: Putting A ¼ fa :
ða; bÞ 2Ag and deﬁning f ðaÞ ¼ b whenever ða; bÞ 2A gives an A and f of
the required form. Hence we get the following lemma.
Lemma 3.1. LetA be a subset of points of GFðqÞ GFðqÞ; q even, that is
closed under addition and such that if ða; bÞ 2A then Trðb=aÞ ¼ 1: Then there
exists a degree jAj þ 1 maximal arc in PGð2; qÞ:
It is trivially seen that all of the examples of maximal arcs arising from
closed sets of conics of the form
fx2 þ xy þ rðlÞy2 þ lz2 ¼ 0 : l 2 Ag
arise in this way, that is, have a function rðlÞ such that lrðlÞ is additive.
Most of the classes of examples given in [3, 7] are constructed in this way.
Another way to see the lemma is as follows. Suppose q ¼ 2h; then GFðqÞ 
GFðqÞ is a vector space of 2h dimensions over GFð2Þ; and so the non-zero
vectors form a ð2h  1Þ-dimensional projective space over GFð2Þ: We say a
point ða; bÞ has trace 1 if aa0 and Trðb=aÞ ¼ 1: FindingA’s of the form of
the lemma then corresponds to ﬁnding subspaces whose points all have trace
1. In fact, it is easy to see that the number of trace 1 points is just the number
of points not on a non-degenerate hyperbolic quadric in PGð2h  1; 2Þ as
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form on PGð2h  1; 2Þ that has as its zeros the points of a hyperbolic
quadric. Since the mapping a/1=a is a permutation on the non-zero
elements of GFðqÞ; the number of times ða; bÞ/TrðbaÞ takes the value 1 is
the same as the number of times that ða; bÞ/Trðb=aÞ takes the value 1.
To construct some new examples we need a couple of lemmas. The ﬁrst is
by Schmidt [8, Theorem III.1A].
Lemma 3.2. Let f ðx; yÞ be an absolutely irreducible polynomial of degree
d > 0 over GFðqÞ: Let N be the number of zeros of f : If q > 250d5; then
jN  qjo
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2d5q
p
:
Lemma 3.3. For h55; h odd, there exists o 2 GFð2hÞ; o =2 f0; 1g such
that TrðoÞ ¼ Trð1=oÞ ¼ Trð 1
1þwþw2Þ ¼ 1:
Proof. Suppose we deﬁne
Nab ¼ jfx 2 GFð2hÞ : TrðxÞ ¼ a and Trð1=xÞ ¼ bgj:
The values of Nab are given in [5, Sect. 1.4] and may be calculated using
Klooserman sums [6], but the expressions are rather complicated so we just
give the bound
q  2 ﬃﬃﬃqp þ 1
4
4N114
q þ 2 ﬃﬃﬃqp þ 1
4
:
Note that N11 þ N10 is just the number of trace one elements of the ﬁeld and
so N11 þ N10 ¼ q=2: Now deﬁne
Mab ¼ y 2 GFð2hÞ : Tr 1
1þ y þ y2
 
¼ a and Tr 1
1þ y þ y4
 
¼ b
 				
				:
The map y/y2 þ y is an (additive) two-to-one map of GFð2hÞ onto the
trace zero elements of the ﬁeld, as is y/y4 þ y: Since h is odd, Trð1Þ ¼ 1
and so the function y/y2 þ y þ 1 is a two-to-one map of GFð2hÞ onto the
trace one elements of the ﬁeld, as is y/y4 þ y þ 1: The number we are then
interested in is M11: For if M11 > 2; there exists a y =2 f0; 1g such that
Trð1=ð1þ y þ y2ÞÞ ¼ Trð1=ð1þ y þ y4ÞÞ ¼ 1; and so putting o ¼ y2 þ y þ 1
gives an o of the form required for the lemma. Since y/y4 þ y þ 1 is a two-
to-one mapping onto trace one elements it follows that M01 þ M11 is twice
the number of trace one elements of the ﬁeld whose inverses also have trace
one, that is, M01 þ M11 ¼ 2N11: The number M01 þ M00 is twice the number
of trace 1 elements of the ﬁeld whose inverse has trace zero, that is, M01 þ
M00 ¼ 2N10 ¼ q  2N11: Hence M11  M00 ¼ 4N11  q; giving that M00 ¼
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Rearranging this equation gives M11 ¼ ðk  q þ 4N11Þ=2: Now 4N11 is at
least q  2 ﬃﬃﬃqp þ 1; so to show M11 > 2 it remains to show that k > 2 ﬃﬃﬃqp þ 3:
The number k ¼ M00 þ M11 is the number of elements y 2 GFðqÞ such
that
Tr
1
1þ y þ y2 þ
1
1þ y þ y4
 
¼ 0: ð3Þ
Now
Tr
1
1þ y þ y2 þ
1
1þ y þ y4
 
¼ 0 , 9x : 1
1þ y þ y2 þ
1
1þ y þ y4 ¼ x
2 þ x:
Rearranging terms gives ðy4 þ y þ 1Þðy2 þ y þ 1Þðx2 þ xÞ þ y4 þ y2 ¼ 0:
Deﬁne
f ðx; yÞ ¼ ðy4 þ y þ 1Þðy2 þ y þ 1Þðx2 þ xÞ þ y4 þ y2:
Suppose f is not absolutely irreducible over GFð2hÞ: First note that
ðy4 þ y þ 1Þðy2 þ y þ 1Þ ¼ ðy4 þ y2Þðy2 þ yÞ þ 1;
and so ðy4 þ y þ 1Þðy2 þ y þ 1Þ and y4 þ y2 have no common factors. So f is
quadratic in x and so may be factored as
f ðx; yÞ ¼ ðax þ f1ðyÞÞðx=aþ f2ðyÞÞ;
for some polynomials f1; f2 in y of degree less than or equal to 4; and some
constant a: Multiplying out and examining the coefﬁcient of x gives that
f1ðyÞ=aþ af2ðyÞ ¼ ðy4 þ y þ 1Þðy2 þ y þ 1Þ for every y 2 GFð2hÞ: But this is
a polynomial of degree 6 and so has at most 6 zeros. Hence 2h46; that is,
h ¼ 1 or h ¼ 2: It is easily veriﬁed that f ðx; yÞ is not irreducible over GFð2Þ;
but it is irreducible over GFð4Þ: Hence f is absolutely irreducible over GF
ð2hÞ for h > 1: By the previous lemma it then follows that the number N of
pairs ðx; yÞ in GFð2hÞ GFð2hÞ such that f ðx; yÞ ¼ 0 satisﬁes q  4 ﬃﬃﬃqp oN
oq þ 4 ﬃﬃﬃqp ; for 2h > 8 192 000; that is, h > 22: Note that the truthfulness
of the statement of the current lemma is readily veriﬁed by computer
for 54h422; so this restriction need not concern us. Now the map
x/x2 þ x is a two-to-one map from GFð2hÞ onto the elements of trace
zero. Hence there are two solutions f ðx; yÞ ¼ 0 for each one of Eq. (3).
Therefore,
q  4 ﬃﬃﬃqp
2
okoq þ 4
ﬃﬃﬃ
q
p
2
:
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lemma in every GFð2hÞ; h odd, h55: ]
Theorem 3.1. In PGð2; 2hÞ; there exists a non-Denniston degree 8
maximal arc for h odd, h55:
Proof. We construct a subset of GFð2hÞ GFð2hÞ of the from required
for Lemma 3.1. By Lemma 3.3 there exists o 2 GFð2hÞ  f0; 1g such that
TrðoÞ ¼ Trð1=oÞ ¼ Trð1=ð1þ oþ o2ÞÞ ¼ 1: Take a ¼ oþ 1; and note that
a has trace 0 since o and 1 have trace 1. Consider the set A ¼ fða; aÞ;
ða2; a2Þ; ðaþ a2; aþ a2Þ; ð1; 1þ aþ a2Þ; ð1þ a; 1þ a2Þ; ð1þ a2; 1þ aÞ; ð1þ
aþ a2; 1Þg: Then it is readily veriﬁed that A is closed under addition. Also
since the identity has trace 1 in GFð2hÞ it is clear that the required trace
condition is satisﬁed by the ﬁrst three points of A: For the point ð1; 1þ
aþ a2Þ; Trð1þ aþ a2Þ ¼ Trð1Þ þ TrðaÞ þ Trða2Þ; but for any a; TrðaÞ ¼
Trða2Þ; and so Trð1þ aþ a2Þ ¼ Trð1Þ ¼ 1: Now,
Trðð1þ a2Þ=ð1þ aÞÞ ¼ Trð1þ aÞ ¼ TrðoÞ ¼ 1;
so ð1þ a; 1þ a2Þ has the required trace. Similarly the trace conditions for
the ﬁnal two points are equivalent to the fact that Trð1=oÞ ¼ Trð1=ð1þ
oþ o2ÞÞ ¼ 1: Applying Lemma 3.1 then shows that the setA gives rise to a
degree 8 maximal arc. To show that the maximal arcs are not of Denniston
type, we examine the lines at inﬁnity, ½0; ðrðlÞ þ rðl0ÞÞ1=2; ðlþ l0Þ1=2; where
rðaÞ ¼ b=a if ða; bÞ 2A: If l; l0 2 fa; a2; aþ a2g; lal0; then the line at
inﬁnity of the pencil containing the two conics corresponding to l and l0
has equation ½0; 0; 1: But taking l ¼ a; l0 ¼ 1þ a gives the line at inﬁnity
½0; a1=2; 1: Hence by Theorem 2.1 the maximal arcs are not of Denniston
type. ]
Simple calculations in GFð32Þ show that there are exactly ﬁve a’s that are
of the required form for the theorem. They form an orbit under the
automorphism group of GFð32Þ: Note that it is easy to show that a maximal
arc arising from a is isomorphic to one arising from a2 (apply the
automorphism ðx; y; zÞ/ðx1=2; y1=2; z1=2Þ to the equations of the conics
corresponding to the maximal arc arising from a; taking the square of these
equations then gives the equations for the maximal arc arising from a2).
Non-Denniston degree 8 maximal arcs arising in PGð2; 32Þ from closed sets
of conics were classiﬁed in [7], and all had collineation stabilisers of order 2.
Hence, no new maximal arcs are found using the above theorem for q ¼ 32:
For q ¼ 128 there are exactly seven a’s that are of the required form for the
theorem. Again they form an orbit under the automorphism group of GF
ð128Þ: Each of the maximal arcs has collineation stabiliser of order 2. Apart
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PGð2; 32Þ and PGð2; 64Þ all of the known constructions of non-linear closed
sets of conics (that is, those given in [3, 7]) in PGð2; qÞ rely on q being 2h
where h is not prime. Hence Theorem 3.1 gives new maximal arcs in at least
these cases.
When q ¼ 2h and h is not a prime, the maximal arcs previously
constructed in [7] and mentioned in Corollary 2.1 above give maximal arcs
of degree n58 that are not of Denniston type. It is easily shown (see [3]) that
a non-linear closed set of conics always contains a closed subset of size 7
that is a non-linear. Hence, when h56 is not prime there exist non-
Denniston degree 8 maximal arcs, and so with the above result this shows
that every PGð2; qÞ; q532; q even contains a non-Denniston degree 8
maximal arc.
When q ¼ 2h; h even, if we can ﬁnd a 2 GFðqÞ such that TrðaÞ ¼
Trð1=ð1þ aÞÞ ¼ 1 and Trða3Þ ¼ 0; then taking
A ¼fða; a2Þ; ða2; a3Þ; ðaþ a2; a2 þ a3Þ; ð1þ a; a2 þ a4Þ;
ð1þ a2; a3 þ a4Þ; ð1þ aþ a2; a2 þ a3 þ a4Þ; ð1; a4Þg
gives a degree 8 in PGð2; qÞ (making sure a4aaaa3). Testing a few small
cases by computer suggests that there are approximately q=8 such o’s for a
given q: But since we already have non-Denniston degree 8 closed sets of
conics for all even h54 we do not pursue this here.
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